Reduction of the QCD string to a time component vector potential 
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We demonstrate the equivalence of the relativistic flux tube model of mesons to a simple potential 
model in the regime of large radial excitation. We make no restriction on the quark masses; either 
quark may have a zero or finite mass. Our primary result shows that for fixed angular momentum 
and large radial excitation, the flux tube/QCD string meson with a short-range Coulomb interaction 
is described by a spinless Salpeter equation with a time component vector potential V(r) = ar — k/r. 



I. INTRODUCTION 

Although Quantum Chromodynamics (QCD) is almost 
surely the correct theory of strong interactions, it remains 
difficult to explore its predictions in the non-perturbative 
regime. For hadron states the non-perturbative, or con- 
finement, regime corresponds to large distances. For 
mesons confinement dominates the dynamics of even the 
heaviest quark states. It has long been suspected that 
when the color sources are widely separated, the color 
electric fields collapse into relatively thin configurations 
known as flux tubes, or QCD strings. The evidence for 
such string-like configurations is primarily: 

• universal linear Regge trajectories, reflecting a lin- 
ear confining potential and relativistic kinematics 

Q; 

• lattice simulation of the energy density 0; 

• relativistic corrections of the flux tube model Q 
agree with those of Wilson loop QCD Q ; 

• for heavy onia, the flux tube model reduces to the 
very successful linear confinement potential model; 

• agreement of the vibrating string picture [f| with 
lattice simulations of excited QCD states with fixed 
sources @. 

The relativistic string/quark model for mesons can be 
exactly solved numerically for arbitrary quark masses • 

An excellent approximation for the boundstate energy 
E of a meson consisting of one massive and one massless 
quark is the spectroscopic relation 



E 2 



= L + 2n 



(1.1) 



Here the angular momentum quantum number L and 
radial quantum number n take values 0,1,2,.... The 
constant a is the tension of the QCD string. For a meson 
with two massless quarks, the spectroscopic relationship 



becomes 



ML 

2,1X0, 



L + 2n 



(1.2) 



Recently we have shown semi-classically that in the limit 
of large radial excitation, Eq. i|l.lfl and Eq. I|1.2fl follow in 
both the flux tube model and in linear time component 
vector confinement |8(- 

In this paper we demonstrate that the wave equation 
for the flux tube meson with a short-range Coulomb in- 
teraction can be reduced to a spinless Salpeter equation 
with a pure time component vector (TCV) potential in- 
teraction. This reduction holds rigorously for large radial 
excitation but is accurate for all states. This result estab- 
lishes the close connection between flux tube dynamics 
and the TCV potential model for spinless quarks. 

In section [H] we discuss the dynamics of a flux tube 
with quarks of arbitrary masses. The critical approxima- 
tion that the string can be assumed to be non-relativistic 
is shown to be accurate for n 3> L in section Hill In sec- 
tion ]W\ we establish the TCV spinless Salpeter equation 
from the QCD string. We conclude in section We 
include the detailed algebraic steps for sections IIIII and 
IIVI in the Appendix. 



II. THE QCD STRING WITH ARBITRARY 
QUARK MASSES 

There are two equivalent methods of extracting the 
conserved quantities of the spinless quark-string system. 
The momentum-energy approach considers a straight 
color electric tube of energy a per unit length. From 
Lorentz boosting a string element perpendicular to its 
orientation, the momentum, angular momentum, and en- 
ergy of the string are easily obtained |3i|7|. This intuitive 
construction is appealing for its simplicity. 

One can also extract the conserved quantities more 
formally by using Noether's theorem and an action for- 
malism. We take an action consisting of two pieces: 
one piece, the Nambu-Goto action, is proportional to 



2 



the invariant surface area swept out by the string con- 
necting the two quarks, the other piece is a sum of two 
terms, each proportional to the invariant length of a 
quark worldlinc: 



S 



mi / dry—if — T/i2 / dry —x% + 



a 2 



ajdrj da\J{X ■ X') 2 - (X) 2 (X') 2 , 
dr (l q + J daC^j . (2.1) 

In this expression and x% are the positions of the 
quarks, and X^(a, r) is the position of the string. The 
quark masses are nil and m,2, a is the string tension, a 
dot denotes a derivative with respect to r, and a prime 
denotes a derivative with respect to a. In our notation, 
the dot product between two four vectors A and B, uses 
a metric of signature +2; A ■ B = A^B^n^ = -A°B° + 
A • B. The string terminates on a quark at each end 



(2.2) 



The momentum and angular momentum of the quark- 
string system can be found from Noether's theorem. The 
action is invariant under the combination of a boost and 
a translation 



6a% = a" + W % 
6X»(a) = a» +^ v X v {a). 



(2.3) 



The variation of the finite time action under l|2.3[) is the 
sum of the translation times momentum change and ro- 
tation times angular momentum change. 



= 5/ dr L 



da £. 



(2.4) 



= a" [P^n) - P M (n)] + -uT [L^{r 2 ) - L^(ri)} ■ 

The resulting momentum and angular momentum are the 
canonical ones, 



Pi 



dL q di q f* oc s 

da ■ 



m\ — + m 2 - 



(2.5) 



X^X'f-X'JX-X') 



a I da — M ' = v 

J(x-x') 2 - (x) 2 (x>) 2 



a 2 



mi — 1==- + m 2 



2 " CTl 



+ 



(2.6) 



p x [tl x v] {x'f - X {li X'{X ■ X 1 ) 

+ a I da 

J n J(x -x') 2 -{xy{x'y 



The action l|2.1|l . momentum (|2.5|l . and angular mo- 
mentum <|2.6[1 are invariant under changes of variables in 
a and r, 



(a,r) ' ► (a(a,r),f(a,r)) , 



(2.7) 



as long as the boundaries remain at values of a that are 
independent of f . 

We use this coordinate invariance to choose the param- 
eter r to be the laboratory time, and the endpoints to be 
at particular values of o\ and a 2 

x°i = x n 2 = X°(a, T )=T = t, (2.8) 
a i =0, 02 = 1. (2.9) 

The straight string approximation to the equations of 
motion is exact for uniform circular motion of the quarks 
and is a good approximation in realistic mesons (l0|. In 
this approximation, the position of the string at any time 
r lies along a straight line between the quarks, which we 
can parameterize linearly as 



X(cr) = (1 - er)x 2 + <7Xi. 



(2.10) 



We further denote the separation between the quarks at 
a particular instant as 



r = xi x 2 . 



(2.11) 



Under the approximation (|2.10(l , the energy of the sys- 
tem becomes 



mi 



m 2 



a I da 



o v/(r-v(a)) 2 -r 2 (-l + v 2 (a)) 



nil 71 + TO272 + ar da 



y/l-vi(a) 



, (2.12) 



where vi = dxi/dt and V2 = dx 2 /dt are the quark ve- 
locities and we have defined 



v(cr) = X(ct) = (1 - a)\2 + CTVi, 

v_l(<j) = v(o-) . 



(2.13) 



The momentum of the system with the straight string 
approximation becomes 



m 1 v 1 m 2 v 2 



(2.14) 



v(a)r 2 — r(v(cr) • r) 



°/o ^ V(r-v(a)) 2 -r 2 (-l + v 2 (a)) 
TO171V1 + m 2 72V 2 + ar da ■ 



The vector angular momentum is obtained from L M „ as 
L' = ^e l; > k Ljk, which, for a straight string, becomes 

Xi X Vi Xj X V2 

L = nil — + ni 2 - 



3 



a I da 
'o 



ar 



r 2 X(a) x v(cr) - X(cr) x r(r • v(cr)) 
y/(r -v(ct)) 2 -r 2 (-l + v 2 (^)) 
+ m 2 72 x 2 x 
X(er) x vj_(cr) 



mi7i xi x vi + m 2 72 x 2 x v 2 
da 



(2.15) 



We evaluate the integrals in Eqs. 12.121 1. 12. 141 1 . and 
()2.15(l for a string rotating about the z-axis and instan- 
taneously lying along the x-axis from — r 2 to r%. The 
string's perpendicular velocity runs from — uj_2 to vxi) 



X(cr) = crri + (<7 - l)r 2 , 
«x(o") = <™X1 + {a - l)«i2- 



(2.16) 



The total length of the string is r = n + r 2 . Because 
we assume that the string stays straight as it rotates, we 
have 



v±i 
n 



V±2 



(2.17) 



Equation l|2.17|) implies 



v±i + v ±2 



= ^L = ^. (2.18) 

Vxi 



«X2 



We denote the non-quark pieces of the energy, momen- 
tum, and angular momentum by Am, Ap, and A^ re- 
spectively The only contribution to Ap and Xl is from 
the string. The energy Am has contributions from the 
Coulomb piece as well as the string. We find the string 
energy m Eq. l(2~T2"j) to be 



ar 



da ■ 



V 1 - V l2 - V 1 - V ll 
Vl.1 + V±_ 2 

(ill -111) (2-19) 



V±l + V±_ 2 

. k 
Am H — • 



The perpendicular momentum of the string from 
Eq. lt!HI}> is 



ar I da 

Jo v/T^ 



ar (arcsin(wj^i) + arcsin(w^ 2 )) 



Vj_l + VX2 



= X, 



(2.20) 



The angular momentum of the string from Eq. (|2.15(l 

becomes 



a r I da 
lo 

r 2lll + 



VXI + Vj_ 2 

(7 



ri7 ±x + 
arcsin(txi) + arcsin(?j^ 2 )] 

Xl- (2.21) 



i -x s v±_2r 1 — v±iri 
±2 ^ 7xi 



VXI + V±_2 



We can simplify the quark pieces of the conserved 
quantities through use of the identity 



p 2 , + m 2 



= 7 2 w„ 2 + 1 = 



l-vj 



1 - vi - vi 



1 - v 2 - v 2 ^ 7^ ' 



7717 = \/p 2 +m 2 7j_ = W r 7j_. 



(2.22) 



(2.23) 



Using Eqs. (|2~2U|) . (|2~2T|) . and lj2~23|l . we obtain 

our final expressions for the conserved quantities 



P° = W r i7xi + VK r2 7± 2 + 



(2.24) 



ar [ arcsm(uxi) H arcsin(uj_2 

,«X1 7<X2 
P]_ = WrlJXlVXl - W r 2lX2V±2 + 

, ( T2 -i ri -A 

+ « 7x2 7xi , 

V«X2 «xi / 

L = W r l7_Ll«J_iri + M / r 27X2Wj_2f , 2 + 

a r\ / arcsin(txi) 

2uxi V W X1 

a r 2 f arcsin(ux 2 ) 

2u_i_ 2 V 



(2.25) 



- 7xi + 



7x 2 



(2.26) 



These results are exactly the starting point in the 
momentum-energy approach 0, • 

Finally, we note that the Nambu-Goto Lagrangian for 
a straight string reduces to 



^string = -ar J da \Jl- v ± (a) 



— arcsm(?jj^i) H arcsin(Wx2) 

2 \ t'Xl VX2 



+ nixl + r ^ixl 



(2.27) 



III. THE HIGH RADIAL EXCITATION REGIME 

We now make the crucial observation that, for fixed 
angular momentum and large radial excitation, we may 
assume the string velocity is small without changing the 
meson dynamics. This is because tx only becomes large 
near the inner turning point, where it reaches v± = 1 
in the case of a massless quark. However, near the inner 
turning point the string is short for very radial orbits so it 
carries little angular momentum or energy. Henceforth, 
for notational convenience, we generally suppress the _L 
subscript, and let v and 7 denote tx and 7j_. 

To demonstrate our approximation, we consider the 
equal quark mass case mi = TO2 , from which follows v\ = 



4 



V2 = v, and r\ — r-i = r/2. We define 

arcsinM 
S{v) = , 



f(v) = L(s-y/T=tf 



(3.1) 
(3.2) 



and hence Eqs. lf2~T^|l . lt2~2T)j) and (|2~2~T|) (or Eqs. JUJl, 
(S3, and (Si) ) can be expressed as 



A P = 0, 

Am = fflfi . 



(3.3) 
(3.4) 

(3.5) 



The total energy E and angular momentum L of the 
system are related to the quark separation and transverse 
velocities by Eq. i|A15(l . In this notation the relation 
(|A15|) becomes 



v I E — arb H — + arj = — . 

r I r 



(3.6) 



To reach reasonably general numerical conclusions we 
define the dimensionless quantities 

ar ah ak 

X =E> P=&> ( 3 - 7 ) 

In these dimensionless variables, Eq. I|3.6[) becomes 



(l-xS+^j + .r'f = 2 i. 



(3.8) 



For fixed L and increasing E, we expect both [3 and k 
to be small and xv « 2(3. We thus expect v to be small 
unless x is small. In Fig. we show the exact numerical 
solution of Eq. (|3.8() for two values of (3. For simplicity 
we consider no short range interaction (k = 0.) 

It remains to demonstrate that the ratio of string to 
quark angular momentum is only appreciable when v is 
small. From the total angular momentum relation (|A6(I 
we find 



R 



string angular momentum A^ 



quark angular momentum 2Qvl 



(3.9) 



where f2 = W r 7_i_ is the quark kinetic energy. The total 
system energy, Eq. (|A8f). becomes 



E = 2Q + arS - 



k 



(3.10) 



In terms of dimensionless parameters, again in the case 
k = = k, by using Eq. I|3.10|l we have 



R = 



xf(v) 
v(l-xS)' 



(3.11) 



We show R as a function of x in Fig. |2 for (3 = 0.01 
by using Eq. I|3.8|l . As we stated at the beginning of 



this section, the string angular momentum becomes small 
compared to either quark's near the inner turning point. 
This tells us that, in the radially excited regime, we are 
justified in assuming that v±_ is small for the string. In the 
regions in which this is not true, the string contributes 
negligibly to the energy and angular momentum. Our 
approach will be to keep full relativistic kinematics for 
the quarks and to assume that the string velocity is small. 



IV. REDUCTION TO THE SPINLESS 
SALPETER WAVE EQUATION 

In the preceding section we examined the exact numer- 
ical solution of the QCD string equations for the equal 
mass case, mi = m^. We saw that if aL <C E 2 the string 
perpendicular velocity can be assumed to be small with- 
out changing any dynamical result. In the appendix we 
examine the detailed algebraic consequences of this ap- 
proximation. We begin this section by outlining the main 
results found there. 

In section[n]wc established the total perpendicular mo- 
mentum, angular momentum, and energy for arbitrary 
masses mi and at the ends of a straight QCD string. 
The results are expressed in terms of the quark perpen- 
dicular velocities and distances from the center of mo- 
mentum point. This point is defined by the condition 
Pj_ = 0. 

Our strategy will be first to set up the relations defin- 
ing v\ = vi± and v-i = V2± in terms of r = v\ + r%, the 
state mass M, and the quark masses. We obtain an ex- 
plicit solution for V\ and vi in the desired limit of small 
velocities. The result confirms the numerical result of 
the preceding section in that — > for large excitation 
energy E assuming the angular momentum L is fixed. It 
then becomes evident that in this limit the string does 
not enter the dynamics except for its static energy. The 
TCV wave equation for arbitrary masses then follows. 

Referring to the appendix, we use E qs. (|AH to (|A"T2|) 
to obtain the radial energy factors, Eqs. (|A13I) and l|A14() . 



L 
r 



1,2, 



(4.1) 



where fii = W r ij±i- Most of the remainder of the ap- 
pendix is devoted to finding the quantities a\ and oti- 

We use Eq. (|4.1|l to eliminate the fli in the energy 
equation l|A8|l and obtain Eq. (|A15ll . 

W _ AM = i(l + l)_^(i + lWl_l 
r \Vi V2 J r \v\ V2 J \V2 v\ 

This is our first relation between v\ and «2- Next, we 
use the definition of fli = W r i"f±_ i given in Eq. (| Alfit to 
eliminate p r and obtain our second relation between v\ 
and v 2 , Eq. (|A19|) : 



(M - A M ) 



ViV 2 



L Xl Xp(v 2 +n 
r r vi — Vn 



5 



vi - v 2 



V\ - V 2 



"2 



2L 2X L Vl 
h Ap 



(4.3) 



By eliminating L/r between the two relations (14.2(1 and 
(14.31) , we obtain the very useful relation given in (|A20(1 ; 



(M - A M )" + 



2A; 



vi - v 2 



(1 - viv 2 ) (M - A M ) + Ap 



Vl - v 2 



(vi + v 2 ) . 



(4.4) 



Up to this point, we have made no approximations con- 
cerning the velocities Uj. In the auxiliary relation (|4.4|) 
the terms involving viv 2 and Ap are higher order in quark 
velocities. We now make the approximation of small 
quark velocities, so we drop these terms and use the ap- 
proximations of Eq. (|A21(I to set Xp/(vi — v 2 ) ~ ar/2. 
In the small quark velocity limit, the string energy, Amj 
has no dependence on quark velocities, so we may ap- 
proximate Eq. H4.4f) as an equation for (vi +v 2 )/ (vi — v 2 ) 
alone, 

(mj - ml) (Yl±^l) = ( M - Am) (M - A M + ar) , 

\Vi - V2j 

(4.5) 

which is Eq. (|A22|I . From Eq. ((4.5(1 we can find the ratio 
of the quark velocities; 



v 2 A-B 
m ~ A + B' 



A = [M-X M )(M-X M + ar), 



B = (r 







(4.6) 

(4.7) 
(4.8) 



We now use the small Vi approximation of Eq. (| A2 H to 
rework Eq. (|4.3|) as 



m 2 — ml ViV 2 L ar 



M — Am vi — v 2 r 6 



+ -z-(vi + v 2 ) 



(4.9) 



Finally, we use Eq. (|4.tjfl for v 2 / vi to obtain vi as a func- 
tion of r, 



2L A-B 2ar A 



rvi M - A 



3 (A + B) 



(4.10) 



A similar expression obtains for v 2 by replacing B by — B 
in Eq. (|4"TU|) 

Equation l|4.1U|l is the key to obtaining our final goal 
of reducing the string equations to a TCV wave equa- 
tion. We can now evaluate oti from Eq. I|4.1I) . From the 
expression for ai given in Eq. I|A13() and the small Vi 
expansions of Eq. (|A21|) , we find 



ai = - — (2vi - v 2 ) . 
6 



(4.11) 

Elimination of v 2 through the use of Eq. 1(4. 6J) yields 
arvi ( A + 3B S 



ai 



6 \ A + B 



(4.12) 



The corresponding a 2 follows by replacing vi by v 2 and 
B by —B. 

Finally, we use Eq. 1(4.10(1 to eliminate vi and find 



oti 



aL ( {A + W) 



3 \w^)-h rA , 



(4.13) 



The angular momentum relation ((4.1(1 can then be ex- 
pressed as 



Vl^lWrl 



L 



(1-Fi), 
(A + 3B)ar/3 



(4.14) 



A 2 -B 2 2 



(M-A M ) 3 



The corresponding quantity, F 2 is obtained from 
Eq. 14.14(1 by the replacement of B by — £?, 



(A-3S)ar/3 

A 2 -S 2 2 



(M-A M ) 3 



(4.15) 



We examine the two important limits of a "light-light" 
and a "heavy-light" meson. 



A. Light-light limit 

In the light-light limit, we take mj = m 2 = 0, so that 
B = and M — E. In this case we have 



J^LL J^LL 



ar/3 



E+ * - far 

r 3 



(4.16) 



B. Heavy-light limit 

The heavy-light limit has mi — and 7712 —>■ 00. In 
this case we take M = m 2 + E and find 



ar/3 



E+± 



7 ar 



2 1 



HL 



(4.17) 
(4.18) 



The function Fi varies by at most a factor of 2 over the 
whole mass range < m 2 < 00 , while F 2 varies at most 
by a factor of 2, but can change sign over that region. 
We can solve for 71 from Eq. 1(4.14(1 using U171 = 



Ox = W r i-fi = \/W?i + ^(1 - Fi) 



(4.19) 



T his result is added to the corresponding , using W r 
\Jv1 + m i i to yield the Hamiltonian l(A8() 



h = iii + n 2 + x 



6 



1^ + ^(1- F x ) 2 + m 2 + 



p2 + ^(l-F 2 ) 2 +ml + 



k 

ar . 

r 



The spinless Salpeter equation, 

Hip = Mil), 



(4.20) 



(4.21) 



follows from Eq. (|4.20|) . 

To complete the argument, we now observe that the an- 
gular momentum term L 2 /r 2 is large only near the inner 
turning point which in turn is small for highly radially ex- 
cited states. Near this inner turning point, the Fi factors 
are small since they are proportional to r. Where the Fi 
become larger, their effect is negligible since their factors 
multiply L 2 /r 2 . Thus, for highly excited radial states, 
dropping the Fi will not change any dynamical results. 
The subsequent Hamiltonian l|4.20[l then becomes 



H 



\J p 2 + 771 \ + \j p 2 + 777-2 + ar ' 



(4.22) 



which is the TCV Hamiltonian with a TCV potential 

k 



V(r) = ar 



(4.23) 



We note that at every step we have imposed the center 
of momentum rest condition and hence the Hamiltonian, 
Eq. (|02J, satisfies all conservation laws, even for arbi- 
trary masses. 



Conversely, the quark's radial energy is large and rela- 
tivistic and satisfies the spinless Salpeter equation given 
in Eqs. (|4.21|) and 14.221) . To show that the final result is 
correct, we observe in Fig. [3] two numerically exact sets 
of solutions. The dots represent the TCV solution with 
k = and a linear confinement potential V{r) = ar. 
The solid lines are interpolations of the QCD string so- 
lutions. The latter are numerically exact quantized solu- 
tions of the string equations (|A1|) to i|A12|) . For s- waves 
(L = 0) there is no transverse motion (v± = 0) and the 
string equations are exactly the s-wave TCV equation 
and the curves for each radial state passes through the 
L = dots. The non-trivial result of this paper is seen 
for L = 1,2, or 3, where the curves come closer to the 
dots as the radial excitation increases. 

In previous work [j| we have approached this same re- 
sult from a different route. If one quantizes the string 
semiclassically, one reproduces the (numerically) exact 
results of the string spectroscopy for highly radially ex- 
cited states. Conversely, if one semiclassically quantizes 
the TCV spinless Salpeter equation with a linear con- 
fining potential, again the string spectroscopy emerges 
for highly radially excited states. The work of this pa- 
per shows directly from the conserved string quantities 
that TCV dynamics result for the highly radially excited 
states. 

Finally, the situation can be clarified by going back to 
the string action. As we saw from Eq. i|2.27[) . the straight 
string Lagrangian can be written as 

^string = -ar J da^Jl -v 2 ± (a). (5.1) 



V. DISCUSSION AND SUMMARY 



For small v±, the string Lagrangian above expands to 



We have shown that a relativistic QCD string meson 
model, with a short range Coulomb part, reduces to a 
time component vector (TCV) potential model for large 
radial excitations. Our result follows for spinless quarks 
with any masses from zero to infinite. The result is re- 
markable since the relativistic string generally dominates 
dynamically, carrying both angular momentum and ro- 
tational energy. However, for fixed angular momentum 
and eccentric orbits, where E 2 ^> aL, the quarks act as if 
they were moving in a static TCV potential that is linear 
at large distances and Coulombic at short ones. 

The coincidence of the two systems in the radially ex- 
cited regime results from a confluence of effects. For 
large radial excitation, the radial velocities dominate over 
the perpendicular velocity, except near the inner turning 
point, where the motion is rotation and the transverse 
velocities reach light velocity in the extreme limit of a 
massless quarks. However, for large radial excitation, the 
inner turning point occurs at small radius, so the string 
carries little angular momentum. Thus we may assume 
that the angular velocity is small everywhere and ap- 
proaches zero as the radial excitation increases. 



1 + - (v ±1 v ±2 - «ix - v\ 2 ) H 

(5.2) 

If one immediately sets v± — > 0, the string action 
becomes the linear piece of the TCV interaction La- 
grangian. One might worry whether this is justifiable. 
The present paper shows that it is. 

In this work we began with the justification of the small 
vj_ string approximation. From the exact expressions for 
the straight string momentum, angular momentum, and 
energy, we systematically approximate these quantities 
for low string velocities. We are then able to recast the 
energy equation into the spinless Salpeter form and fi- 
nally, to show that this equation must be dynamically 
identical to the TCV equation in the large radial excita- 
tion regime. 

We might remind the reader that the strict constraint 
of a straight string can also be relaxed. Small devia- 
tions from straightness do not change the conservation 
relations to first order and in ordinary hadrons the devi- 
ations from straightness never become large [Tol |. 



7 



APPENDIX A 



3. Straight string yields uniform angular velocity 



In this appendix we give the detailed algebraic steps in- 
volved in writing the energy of the quark/string system in 
terms of conserved quantities and the quark separation. 
We begin by finding the center of mass of the system. 
After several steps, we can express the quark velocities 
in terms of the quark separation, the quark masses, and 
conserved quantities. 



The straight string condition l|2.10[l leads to equal 
quark angular velocities; 



Vi _ V2_ 

r\ r 2 ' 



(A10) 



From Eq. i|A10(l and the definition of the total quark 
separation 



1. Notation 

We use the straight string conserved quantities given 
in section ITT1 and generally drop the _L subscripts on the 
quark velocities and 7 s for notational simplicity. The 
coordinates n and velocities Vi are relative to the, as yet 
unknown, center of momentum point. The instantaneous 
positions of the quarks are taken to be along the x-axis, 
with quark 1 at x = ri and quark 2 at x — —r 2 . Their 
transverse velocities are V\ and — V2 respectively. We also 
define 



+ mf . 



(Al) 
(A2) 

(A3) 



J ±i 



2. Conserved quantities 

In section [H] we found the conserved quantities for the 
quark and straight string system. We gather these results 
together here. The transverse momentum Ij2.14|l of the 

system is 



f2ii>i — ft 2 v 2 + Ap = 0, 



where 



ar 2 _! 
7 2 

V 2 



an _! 
7i • 



(A4) 



(A5) 



The angular momentum 12.15|l consists of the contri- 
bution of the quarks plus that of the string, 



L = Sliviri + Vl 2 v 2 r 2 + Al, 



(A6) 



with 



ar\ ( arcsin(i>i ) 



2fi V 



Vi 



7i 



</ /-.i /arcsin(t>2) -1 

-7 2 



2v 2 



i'2 



(A7) 

The energy of the system H2.12|l is the sum of the quark 
energies and the string energies 

m = n 1 + n 2 + x M , (A8) 

where the string plus Coulomb contribution is 

sin(i>i) arcsin(«2) k 
h ar 2 . 

vi v 2 r 



A 



M 



(A9) 



r = ri + r 2 , 



we have 



Vi 



Vl + V 2 



(All) 
(A12) 



4. Quark kinetic energies 



The first step in finding the total energy of the sys- 
tem in terms of the conserved quantities and the relative 
positions of the quarks is to write the quark kinetic en- 
ergies Oj in terms the system quantities L, r, and the 
quark perpendicular velocities Vi. We use Eq. (|A4(I and 
Eq. (j A 1 2|> to eliminate fl 2 in l|A6jl . We find 



and 



Vlfll = 

Oil = 

v 2 VL 2 = 

a 2 = 



L 

— h ai, 
r 

Xl 



(A13) 



r vi+v 2 



-Ap, 



L 



a 2 , 



(A14) 



A, 



r vi +v 2 



5. Total energy 



Next we express the total energy (|A8ll in terms of the 
rewritten fL's above. We find 



M—X 



L ( 1 



M 



1 



Vi v 2 



A 



1 



Vl V 2 J \V 2 Vl 

(A15) 

We can find another relation without fij's by going 
back to the definition of and W r i 



1-vf ■ 



(A16) 



Because the string has no radial momentum, the quarks 
have equal and opposite radial momenta. We thus ex- 
pand 



2 2 
m 9 — m. 



nl{i-vt)-n\{i-vl), 



(A17) 
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using Eq. (|A4|) and Eq. (AgJ, to find 



7. Solving for quark velocities 



(Q 2 - fii) (M — Xm) — Xp (fl 2 v 2 + f^it'i) = ml - m\. 

(A18) 

Then, we use Eqs. 1|A13|) and (|A14jl to obtain 



(M - A M ) 



Ul — 1>2 



L X L Xpjvf+4) 
r r vf — v% 

2L _ 2Al ^ ^i - v 2 
r r v\ + v 2 



(A19) 



By combining Eqs. (|A15|) and (|A19|) . we can eliminate 
L/r in Eq. I|A19() . After a bit of algebra we find 

(M - A M ) 2 + (1 - viv 2 ) (M - A M ) + X 2 P 

vi - v 2 



'ii'2 nb l 

vi - v 2 



{vi + v 2 ) . 



(A20) 



So far, we have made no approximations other than the 
straight string assumption. 



6. Low transverse velocity approximation 

Now we use the low velocity approximation to solve for 
the ratio of the quark velocities v 2 /v\. As we have seen 
in section Hill Vi = v±i is small if n 3> L, except near the 
inner radial turning point. Near this point, the string 
angular momentum and energy are small compared to 
either quark's because the string is short. As far as the 
string is concerned, we can assume that Uj <C 1 every- 
where without changing the dynamics. From Eqs. I|A5() . 
(|A7I) . and JUJl, we may make the approximations 



(A21) 



X P ~ -ar(vi - v 2 ), 

1 2 (v\ - v lV2 + v\ 
X L ~ -ar 

3 \ vi + v 2 

Am ~ ar . 

r 



We note that in Eq. (|A20p we may drop the small quan- 
tities viv 2 and Xp, whereupon Eq. (|A20p reduces to 

(m| - ml) ( v -l±^l ) = (M - Am) (M - A M + ar) 

\vi- v 2 



We can solve Eq. (|A22J) for v 2 /vi, 

V2 _ (M - A M ) (M - Am + ar) - (mj - m\ ) 
v~x ~ (M - A M ) (M - A M + ar) + (m\ - mf) ' 



(A22) 



(A23) 



We note that if m\ = m 2l then v 2 — V\, as expected. 
Also, if m 2 3> mi, then, since M = m 2 +E and E <C m2, 
we find v 2 <C «i, as one might expect. 



We are now in a position to solve for the individual 
Vi's. We use the small v.; approximation of Eq. (|A21|) 
m Eq. (|A19)l and again drop small terms. These small 
terms are the second bracket of Eq. I|A19|) , whose origin 
is in the y]_ term from Eq. (|A16|I . The result is 



ml 



mf 



V\V 2 



M — Xm vi — v 2 r 6 
From Eq. l|A23j) in the form of 



V-2 
Vl 



A-B 



A + B' 

A = {M-X m )(M-Xm 

2 2\ 
2 - m l) > 



(A24) 



(A25) 



B = (m,o — m 2 



we can substitute v 2 from Eq. 
find 



2L 

rvi 



A-B 
M - X 



ar) , 

23 into Eq. [Mty to 

2ar A , , . 

TJA + B)- (A26) 



A corresponding expression for v 2 follows upon replacing 

B by -B. " 

There are two important special cases of Eq. I|A26|I . 

• In the the equal mass case m\ = m 2 and so B = 0. 
In this case we define E = M and find 



2L k 2 
= E -\ ar. 

rv\ r 3 



(A27) 



In the heavy- light case, m 2 3> m,\. The total energy 
is M = m 2 + E, where the excitation energy E is 
small compared to m 2 . The leading terms are 



2i ct, k 2 , 
rui r 3 



(A28) 



1 

m 2 



(E + ^) a -|ar(S+^) + |(ar) a 
r 3 r b 



We can estimate the region of validity of the heavy- 
light approximation by noting that the l/m 2 correction 
is roughly E 2 /m 2 . We compare this with E of the first 
term and conclude that if E <C m 2 , we may neglect the 
l/m 2 correction. 



8. String corrections to quark kinetic energies 

The last step is to find the string corrections to fli. 
The same type of small velocity approximation used for 
the quarks, together with Eq. (|A26I) can be used with the 
a, of jA13jl and (|A14jl . We find 



aL 

T 



(A + 3B)(M - X M ) 
A 2 -B 2 - \arA{M - Am) 



(A29) 
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We find a similar expression for a2 , which is obtained by 
replacing B by —B. [i.e., m 2 «-» mi). In the light equal 
mass limit we find 



aL 



3 E 



£ - far) 

r 3 / 



(A30) 



In the heavy-light limit we obtain the same expression 
for a\ to lowest order, and find the 0(l/m2) corrections; 



HL 



aL 



1 a 2 rL (E- 



ar) 



m 2 12 (E + t-larf 



(A31) 



In either case, as in the general case, if E L 
a,; — > 0, 



(A32) 



which is the high radial excitation regime. In this limit of 
fti — > L/(rvi) the relativistic TCV wave equation follows. 
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FIG. 1: Solution to Eq. 13.81 for the perpendicular velocity 
of the string end as a function of distance x = ar/E for two 
values of f3 = aL/ E 2 with no Coulomb potential; k = 0. For 
any attractive Coulomb interaction (k > 0) the velocities are 
lower, making the approximation v <C 1 better. We observe 
that for radially excited states /3 <C 1 and v —* except at 
the inner turning point. 




FIG. 2: The ratio R of string to quark angular momentum as 
a function of dimensionless distance x as in Eq. (13. Ill with 
j3 = 0.01. The string angular momentum is negligible for 
small quark separation. 




FIG. 3: The transition from a time component vector (TCV) 
confinement to string dynamics. The lines represent exact 
numerical solutions to the string equations in the case mi = 0, 
m.2 = oo. The dots are exact numerical solutions to linear 
TCV confinement. The squared excitation energies (E = M — 
rri2) of the TCV system converge to those of the string for 
large radial excitations with small angular momentum L. 



